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Abstract
To make further advancements in nuclear polarization, the Nuclear Physics Group at the
University of New Hampshire requires an accurate measurement of the polarization of their
materials. Through a novel method of data analysis, the uncertainty in this polarization
measurement was reduced. To extract the polarization, we measure the NMR signal using
a Vector Network Analyzer to extract the real impedance of a signal coil, where the signal
area is proportional to the polarization. However, our signal size depends on how in-tune
our circuitry is with the NMR frequency, with the signal growing smaller the less in-tune it
becomes. To combat this, a new method of data analysis was developed to mathematically
convert an off-tune signal to one perfectly in-tune. To do this, both the real and imaginary
impedance were analyzed, creating a single circle in a Pappus Chain. Using the properties of
the Pappus Chain and inversion geometry, the off-tune signal was converted to a perfectly intune signal. Three data sets were used to compare the traditional and new method, known
as the inversion method. Overall, the inversion method cut down the χ2 of the fit to an
enhanced signal from 11.39 to 0.599, came within 1% of the area of a thermal equilibrium
signal that was deemed the best case for the traditional method, and predicted a more
accurate estimate of the enhanced polarization of Butanol from the March 2019 cooldown.
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1

Introduction

The major goal of the Nuclear Physics Group (NPG) is to achieve a high tensor polarization
of a material in the UNH Polarized Target Lab in Demeritt Hall, such that they can run
an experiment using an electron beam at Jefferson Laboratory. To get to the point where
the group can set their immediate sights on tensor polarization, they first need to achieve
high polarization of spin- 12 particles. With their custom system, the group was first able
to measure the polarization of their material in November of 2018. Since then, they have
been optimizing their system to enhance the polarization of their materials and the quality
of their measurements.
To measure polarization, the group uses the technique of Nuclear Magnetic Resonance
(NMR). NMR consists of perturbing nuclei that are aligned with an external magnetic field
with a weaker oscillating magnetic field produced by a coil of wire. When the oscillating
field is at a certain frequency, it causes spin flips in the nuclei we are polarizing. The energy
absorbed by those nuclei is measurable and is related to the polarization of the material
as the area under an NMR signal [1]. However, the size of the NMR signal is dependent
on how in-tune our circuitry is with a given frequency. Unfortunately, along with this, the
circuitry often tends to stray off-tune during the experiment. Thus our signals are often
smaller in size than they should be, and traditionally there is no way to recover this lost
area. This work was tasked with developing a method of data analysis that allows us to
decrease this uncertainty in our off-tune measurements through the application of Pappus
chains and inversion geometry [2, 3]. These concepts allow us to convert an off-tune signal
to one that would be perfectly in-tune. This method allows us to extract more symmetric
NMR signals and increase the signal to noise ratio for data-sets with a significant baseline
drift.
This document will go in-depth on the theory behind NMR starting from the content
learned from Quantum Mechanics at UNH, the nuclear polarization experiment, both the
new and old data analysis methods, as well as a comparison between methods.

2

Theory

To bridge the gap from my coursework to research at UNH, the theory behind NMR and
Dynamic Nuclear Polarization (DNP) starting from material learned from the Quantum
Mechanics II course is provided.

2.1

Nuclear Polarization

From Quantum Mechanics we learn that every particle has a given spin associated with it.
While these spin numbers can be 0, 12 , 1, etc., we typically work with spin 21 particles since
they make up ordinary matter, such as protons, neutrons, and electrons. Each particle,
therefore, has an associated magnetic dipole moment:
µ = γS,

(1)

where µ is the magnetic moment, γ is the particle’s gyromagnetic ratio, and S is the particle’s
spin vector [4].
2

When these particles are subjected to an external magnetic field, they experience a torque
whose magnitude and direction depend on how the particle’s spin is oriented. The energy
that comes from this torque is
H = −µ · B = −γS · B,

(2)

where H is the particle’s energy and B is the external magnetic field. For a particle at rest
in a magnetic field, H becomes the Hamiltonian for this system, with the addition that S
then becomes the spin matrix. In chapter 4.4.2 of Griffith’s Quantum Mechanics [4], the
energy of a particle being in either its spin up or down state when in a magnetic field is
derived. These energies are
γB~
,
2
γB~
E− =
,
2

E+ = −

(3)
(4)

where E+ is the energy in the spin up state and E− is the energy in the spin down state.
Here, the spin up state corresponds to the spin aligning with the magnetic field [4].
These energies, along with thermodynamics, are used to derive an expression for the
polarization of spin 21 particles [1]. First, the Boltzmann factor is defined as
− kEmT

Nm = e

B

,

(5)

where Nm is the number of particles in state m, Em is the energy associated with that state,
kB is Boltzmann’s constant, and T is the temperature of the environment the particle is in.
We can use the Boltzmann factor, along with the definition of polarization of spin 21 particles
to get:
γ B~
γi B~
 
− i
1
N+ − N−
e 2kB T − e 2kB T
Pi
(6)
=
= γi B~
γ B~ .
− i
2
N+ + N−
e 2kB T + e 2kB T
This expression is just the hyperbolic tangent of the exponent. Therefore the polarization of
spin 12 particles in thermal equilibrium with their environment at temperature T and exposed
to an external magnetic field B, is given by [1]
 


1
~γi B
= tanh
.
(7)
Pi
2
2kB T
The polarization of protons at 1 K in a 5 T magnetic field is roughly 0.511% [5]. For
nuclear scattering experiments, like the one sought out by the NPG, this polarization is
not sufficient. To get a higher polarization, the method of DNP is used. This method,
in general, transfers the polarization of the electron, which is roughly 99.8% under the
previous conditions, to the protons. By hitting electrons with electromagnetic waves at
their resonant frequency, as in Eq. (12), they will transition between spin states. When an
electron transitions from spin-up to spin-down, it will couple spins with a proton in the same
state. When the electron relaxes back to the spin-up state, the proton will also switch to a
spin-up state. Although these protons will try to relax back down to the spin-down state,
3

since they have excess thermal energy, if the electron spin transition rate is faster, then the
electrons will keep coupling with the protons and converting them into spin up states. This
process allows a higher polarization of nuclei than what is possible through purely thermal
equilibrium polarization.

2.2

Nuclear Magnetic Resonance

The measurement of Nuclear Magnetic Resonance (NMR) is centered around perturbing the
nuclei that are polarized in a strong external magnetic field with a perpendicular magnetic
field oscillating at a radiofrequency (rf). To derive the fundamentals of NMR, first-order
time-dependent perturbation theory is used to model this system. First, we start with
defining our perturbation:
0
Hrf
(t) = Hrf cos (ωt) ,
(8)
where Hrf is the energy associated with the particle due to this rf magnetic field, as in
Eq. (2), and ω is the angular frequency of the oscillating field [1]. Using perturbation theory,
we want to find the transition probability, as in the probability as a function of time that
the particles will transition from a spin 21 state to a spin - 12 state. To do this, we calculate
the coefficient
Z
i t 0 0 iω0 t0 0
(1)
H (t )e
cb = −
dt ,
(9)
~ 0 rf
a
where ω0 = Eb −E
, Eb corresponds to the energy of the final state (spin - 12 ), and Ea cor~
responds to the energy of the initial state (spin 21 ) [4]. Since the Hamiltonian in this case
is sinusodal, and Hrf does not change with time, we can approximate the solution to the
integral as


(ω0 −ω)t
sin
(ω0 −ω)t
2
Vrf
(1)
ei 2 ,
(10)
cb (t) ≈ −i
~ (ω0 − ω)

where Vrf is the matrix element of Hrf [4]. Therefore, our transition probability is


2 (ω0 −ω)t
2 sin
2
|Vrf |
(1)
Pa→b = |cb (t)|2 ≈
,
2
~
(ω0 − ω)2

(11)

Now, there is a resonance in the transition probability when ω0 = ω, which is the Nuclear
Magnetic Resonance. Inserting the definition for ω0 and solving for the frequency f of the
oscillating field we find
γi
fi =
B.
(12)
2π
This is the frequency at which the oscillating rf field has to be at to induce NMR, known
as the Larmor frequency [4]. At this frequency and at frequencies close to it, the nuclei
that are aligned with the magnetic field flip and align anti-parallel with the field. Since
the particles are going from a lower energy state to a higher one, they must absorb energy
from the oscillating rf field. This energy transfer is directly related to the complex magnetic
susceptibility χ00 . This is a physical quantity and is measurable via an LC circuit and a
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Vector Network Analyzer (VNA). Specifically, the polarization is related to the complex rf
susceptibility by
Z ∞
P =K
χ00 (ω) dω,
(13)
0

where P is the absolute polarization of the material and K is a constant associated with the
measurement device [1].

Figure 1: Schematic of the nuclear polarization system used during experiments [6]. There
are four main polarization components: the liquid Helium fridge (black), superconducting
magnet (blue), mm-waves (red), and NMR (green).

3
3.1

Experimental Setup
Nuclear Polarization System

According to Eq. (7), the thermal equilibrium polarization of a given particle depends on
the strength of the magnetic field and the temperature of its environment [5]. Therefore,
the thermal equilibrium polarization system is made up of two key components, a liquid
Helium fridge and a superconducting magnet, depicted in Fig. 1. The fridge allows us to
cool components inside of it down to 1 K by evaporating Liquid Helium using a series of
high-flow rate pumps. The target stick, which holds our polarizable material, sits inside
of the fridge. Outside of the fridge, the magnet is cooled down to 4K. Once it is cooled,
it enters a superconducting state, allowing large currents to be run through it. Since the
strength of a coil magnet’s magnetic field is proportional to the current through the loop,
we can produce strong magnetic fields. During experiments, the magnet is typically ramped
up to 5 T after it is cooled. The experiments in which we cool material in the fridge, cool
and run the magnet, and measure NMR are known as ”cooldowns”.
5

Under these conditions, we can calculate the thermal equilibrium polarization of our
material based on Eq. (7). If we cool the material down to 1 K and place it in a 5 T field,
using the proton’s gyromagnetic ratio of ∼267.5 MHz rad/T, we find that the polarization
γi
, as in Eq. (12),
should be ∼0.511% [7]. The gyromagnetic ratio is typically written as 2π
however since Eq. (7) is being used for this calculation, it is just kept as γi . The goal is
to get proton polarization greater than 90%, thus we need an added technique to enhance
the thermal equilibrium polarization. This is where DNP comes in. If the calculation for
the thermal equilibrium polarization is modified for the electron with its gyromagnetic ratio
of ∼176.1 GHz rad/T, we find an electron polarization of ∼99.8% [7]. DNP transfers the
polarization of the electrons to the protons by rapidly flipping their spins through millimeterwaves (mm-waves). This is included in our system by having a waveguide run through our
target stick, depicted in Fig. 1. This waveguide connects to a 140 GHz mm-wave source on
one end and the target material on the other.
To measure NMR, three different measurement devices are used: a VME, a Q-Meter,
and a Vector Network Analyzer (VNA) [8, 9, 10] . Since the data analyzed in this work was
purely from the VNA, this will be the only device discussed in detail in this thesis. The
meters in length, where n
VNA is connected to the target stick via a coaxial cable that is nλ
2
is an integer and λ is the wavelength associated with the Larmor frequency in Eq. (12) [11].
The coaxial cable connection on the target stick is then connected to our signal coils, which
are loops of magnetic copper wire inside of our target materials, seen in Fig. 2.

Figure 2: Target material and signal coils located at the end of the target stick.

4

Analysis Methods

After its measured, the NMR signal needs to be extracted from the background curve. Currently, this is done via the traditional method of data analysis, which consists of subtracting
out the background through other measurements and fits, described in detail below. However, this method causes significant uncertainties in polarization calculations under certain
conditions. A new method dubbed the inversion method was developed to reduce these
uncertainties using the mathematical concepts of the Pappus chain and inversion geometry.

6

Figure 3: Baseline and NMR data from March 2019 Cooldown (left). The NMR data here
corresponds to an enhanced polarization measurement of Butanol. On the right, the NMR
data with a polynomial fit around the signal after subtracting the baseline.

4.1

Traditional Method

The traditional method of data analysis consists of three steps: baseline subtraction, polynomial subtraction, and Lorentzian fit. With no NMR, the VNA measures the LC resonance
that comes from the LC circuit that composes our system. This background LC resonance is
known as the baseline. Both the baseline and the NMR measurement following it are plotted
in Fig. 3 for data gathered in the cooldown of March 2019.
Ideally, the baseline and the background LC resonance of the NMR data would lie right
on top of one another. If this were the case, then after the baseline subtraction, all that
would be left is the NMR signal. However, this often is not practical since the background
resonance shifts in frequency over time due to the temperature sensitivity of the equipment.
Not only does this make subtraction more complicated, but this background shift also
causes the signal to decrease in size. This is because the LC circuit acts as a natural amplifier
for nuclear resonance. Therefore the signal size will change depending on where it is located
on the background resonance peak, largest at the top of the peak and lowest at the bottom.
It is optimal for the NMR signal to be located at the top of the resonance peak, otherwise,
some/all of the off-tune signal is lost into the imaginary impedance. The traditional method
has no way to recover this lost area since only the real impedance is recorded. This is a
major issue since the polarization is proportional to the area under our signal. Currently, the
drifting background issue has not been resolved at UNH, and until it is, NMR measurements
will continue to have a significant source of uncertainty [6]. Nevertheless, the results of
the traditional method will still be presented. After the baseline subtraction, a 3rd or 4th
order polynomial is fit to the background approximately ± 0.3 MHz around the signal. This
polynomial fit is then subtracted from the NMR data, resulting in a semi-flat background
and extracted signal, seen in Fig. 4. The data is left alone at this point to avoid overfitting.

7

Figure 4: Enhanced polarization signal of Butanol at 4.2 K and 5 T, obtained from the
traditional method.

4.2

Inversion Method

The inversion method began by analyzing the imaginary and real impedance data instead of
the real impedance and frequency data [12, 13]. For conceptual emphasis, a different data
set than the one analyzed in the traditional method section is shown here. Fig. 5 shows the
comparison between the real impedance data in frequency space and imaginary impedance
space. In the frequency space, we see similar plots to those in Fig. 3, just over a larger
frequency span. Here there are two data sets, one for the best tune achieved at the time
and one that was slightly off-tune. When we move to imaginary impedance space, we find
that the data forms one large outer circle representing the background LC resonance and a
smaller circle within it that represents the NMR signal. From here we use Pappus chains
and circle inversion to mathematically convert the off-tune signals to ones that would be
perfectly in-tune.

Figure 5: Real impedance data corresponding to the best tune possible and a good tune
in frequency space (left). When the data is plotted against imaginary impedance, we see a
large outer circle and a smaller inner circle representing the LC resonance and NMR (right).
In the plot on the right, the frequency data would run clockwise, starting on the leftmost
point on the outer circle.
8

4.2.1

Pappus Chains and Circle Inversion

The Pappus chain is defined as a chain of tangent circles of descending radii within an
arbelos, an area confined by three semicircles of arbitrary radius less than 1, see Fig. 6. The
radius, rn , and center, (xn ,yn ), of each circle in the chain are given by:
r=

rβ
,
rγ

(14)

r(1 + r)
,
− r)2 + r)
nr(1 + r)
,
yn = 2
n (1 − r)2 + r
r(1 − r)
rn =
,
2
2(n (1 − r)2 + r)

xn =

2(n2 (1

(15)
(16)
(17)

where n is the index in the chain and r is defined as the ratio between the radius of β and
γ [2]. To obtain a full Pappus chain, the semi-chain is mirrored over AB, this is shown in
Fig. 9.

Figure 6: Pappus Chain composed three tangent semicircles α (orange) , β (blue), and γ
(green) and a chain of circles tangent to each preceding circle or semicircle around it, δi
(yellow) (left) [14]. (b) The dark grey region bounded by α, β, and γ is known as the
arbelos (right) [2].
The Pappus chain, for the purposes of NMR, relates the sizes of off-tune signals. In this
context, α corresponds to a signal perfectly in-tune and the δs represent off-tune signals. By
using inversion geometry, all of the off-tune signals are converted into signals that would be
perfectly in-tune.
Inversion is analogous to reflecting a point over a line. This involves moving the point
from one region of space to another region separated by the line itself. Inversion through
a circle is interpreted the same way, except instead of inverting from one infinite space to
another, the point is inverted from the finite area of a circle into the infinite space outside
of it. The convention for this operation is that points closest to the center of the inversion
circle are inverted farther away and points on the perimeter of the inversion circle do not
change position. The equations governing inverting a point (x,y) in Cartesian space through

9

an inversion circle of radius k centered at (x0 ,y0 ) to (x’,y’) are [3]:
k 2 (x − x0 )
,
(x − x0 )2 + (y − y0 )2
k 2 (y − y0 )
.
y 0 = y0 +
(x − x0 )2 + (y − y0 )2

x0 = x0 +

(18)
(19)

A generalization of inversion through an ellipse and the corresponding equations can be
found in the Appendix. A visual representation of the inversion circle and its operation is
displayed in Fig. 7. It should be noted that if you invert a point P to P ’, and then invert
P ’ through the same inversion circle, the result is the point P [15].

Figure 7: Definition of key inverse geometry terms. A point P outside of the circle is inverted
through an inversion circle with center O and radius k to become point P ’. [3].
Although Eq.s (18-19) were used for data analysis, there are equations for the center
and radius of a circle inverted through an inversion circle, which were used for simulation
purposes. The inverse of a circle of radius a and center (x,y) with respect to an inversion
circle of radius k and center (x0 ,y0 ) is a circle with parameters:
k2
,
(x − x0 )2 + (y − y0 )2 − a2
x0 = x0 + s(x − x0 ),
y 0 = y0 + s(y − y0 ),
r0 = |s| · a,
s=

(20)
(21)
(22)
(23)

where s is a constant used for calculations [3]. One important simulation done is showing
the fact that, when inverted, a circle that passes through the center of the inversion circle
becomes a circle of infinite radius, or in other words a line. This, along with the inversion of
a circle perpendicular to and one on the perimeter of the inversion circle are shown in Fig. 8.
One key component of the inversion method is the mixture of the concepts of the Pappus
chain and circle inversion. An important result stems from inverting a full Pappus chain
over an inversion circle centered at the intersection of β and γ. If the radius of the inversion
circle is chosen such that it is perpendicular to α, every circle in the chain is inverted to be
10

Figure 8: Special cases of inverted circles. Circle 1 (blue) passes through the center of
the inversion circle (red) and becomes a vertical line after inversion. Circle 2 (black) is
perpendicular to the inversion circle and after inversion, the circle is invariant. Circle 3
(purple) is inverted from a smaller circle to a larger one outside of the inversion circle.
equal in size with α, see Fig. 9. This is inherent in the fact that every circle in the Pappus
chain is tangent to β and γ. Since β and γ intersect the center of the inversion circle, they
become vertical lines after inversion. Additionally, the tangency of the circles in the chain
remains after inversion, therefore the circles are bound between the vertical β and γ lines.
This is always true if our choice of the inversion circle center remains constant. In terms
of NMR, α represents a signal perfectly in-tune, therefore this choice converts all off-tune
signals to perfectly-tuned signals.

Figure 9: Full Pappus Chain of comparable size to that of actual data, inverted through an
inversion circle perpendicular to alpha and centered on the leftmost point on γ [15]. The
inverted chain consists of circles of equal size between two vertical lines corresponding to
inverted β and γ.
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4.2.2

Applications

When applying these concepts to data, a Pappus chain must first be found that corresponds
to the NMR data. To do this, the background LC resonance was fit with a circle to represent
γ. To calculate the chain and the size of α, a fit for β must be found. This was done by
writing a function that, given a list of x-values, finds the point at which the difference in
the distance from the x-value to the β-γ intersection and the point of tangency on the NMR
signal was below a certain tolerance. The x-value that meets these criteria is the center of β
with its radius equal to the distance from the center of β to the left-most point on γ. Once
a β is approximated, the parameters of α are easily calculated since Dγ = Dβ + Dα , where
Di is the diameter of the respective circle. The center of alpha is then calculated through
the relationships: xα = Dβ + rα and yα = yβ = yγ .

Figure 10: The fit γ, approximated β, and calculated α and inversion circle for November
2018 NMR data (left). The real impedance data is then inverted through the inversion circle
and plotted against frequency (right).
From here, all the required parameters have been found to construct an inversion circle
and invert the data. It is fixed that the center of the inversion circle must be at the βγ intersection, and we want the inversion circle to be perpendicular to α. Therefore we
calculate the radius of the inversion circle via the relation between radii of orthogonal circles:
r12 + r22 = d2 , where r1 and r2 are the radii of the two circles and d is the distance between
their centers [16].
The circles corresponding to γ, β, and the inversion circle for the NMR data collected
in November of 2018, shown in Fig. 5, are plotted in Fig. 10. The real impedance data
was then inverted through the inversion circle and plotted against frequency, also shown in
Fig. 10. Now the background LC resonance is almost completely flattened and a second-order
polynomial is fit to it for subtraction. Then, the data is subtracted from the polynomial fit
to change the direction of the signal for a comparison to the results of the traditional method
applied to this data, shown in Fig. 18.
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5

Results

Three data sets were analyzed using both the traditional and inversion method to compare
the results in different circumstances. Data from March of 2019 polarizing Butanol allowed
a quantitative area comparison and polarization estimates for both methods. Analyzing
data from December of 2019, polarizing Epoxy, shows the ability to reproduce results from
the traditional method when the baseline drift is minimal, which is regarded as the bestcase scenario for the traditional method. Lastly data from November of 2018 polarizing
TEMPO-doped Araldite allowed a general fitting comparison between methods.

5.1

March 2019

This dataset was valuable in terms of allowing for the conduction of multiple tests to compare
aspects of both methods. It consisted of a thermal equilibrium polarization and an enhanced
polarization measurement of protons in Butanol at 4.2 K and 5 T. Among the tests, I
compared the results from the traditional method using a fitted and effective baseline, see
Section 5.1.1. This test allows for the estimation of uncertainty in the method comparison
in Section 5.2. Additionally, the enhanced polarization approximations for the results from
the traditional and inversion methods were compared.
5.1.1

Effective Baseline

The measured baseline for this dataset was ∼12 MHz away from the thermal equilibrium
and enhanced polarization signals and therefore unusable. Instead, an effective baseline was
extracted from the thermal equilibrium data by subtracting the NMR signal. This dataset
was chosen over the enhanced polarization data since the signal to noise ratio is greater and
the key result from this work was to compare the fits and area of results from both methods,
and this comparison is more accurate for the enhanced signal data.

Figure 11: Thermal equilibrium polarization data of Butanol at 4.2 K in a 5 T magnetic
field. This data was inverted through the inversion circle in Fig.10 and had a background
polynomial fit subtracted.
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To remove the thermal equilibrium signal, the data was inverted through an inversion
circle calculated for the enhanced polarization inversion. This was such that the thermal
equilibrium signal was scaled equally with the enhanced polarization signal after inversion.
The inverted thermal equilibrium signal with a background subtraction is shown in Fig. 11.
After fitting this signal, the fit was removed from the data. This results in data that corresponds to the noise at each frequency measured. When this thermal equilibrium subtracted
data is reinverted through the inversion circle, the background LC resonance shape is recovered, but with the thermal equilibrium signal removed. This creates an effective baseline that
can be used to improve the fit of the enhanced polarization signal through noise reduction.
The thermal equilibrium removal and effective baseline are shown in Fig. 12.

Figure 12: Thermal equilibrium polarization fit subtracted from the data in Fig 11. This
represents as the measurement of the noise at each frequency (left). The dataset on the left
that is inverted through the inversion circle in Fig.10 will reproduce the original thermal
equilibrium data but without the signal itself. This acts as an effective baseline (right).

5.1.2

Fitted vs. Measured Baseline

Within these data sets, it is common for something to go wrong with the baseline. Therefore,
a quick comparison was done between a traditional signal extracted from subtracting a
measured baseline and a baseline that was fit with a Lorentzian curve. A Lorentzian curve
was fit to the background of this data and subtracted to get the data shown in Fig. 13,
compared to the measured baseline subtraction.
Table 1: Area of Traditional Enhanced Signal Subtracting a Measured and Fit Baseline
Method
Fit Base.
Measured Base.

Data [Arb.]
0.0257 ± 3.87e-04
0.0258 ± 1.44e-04
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Fit [Arb.]
0.0258 ± 5.75e-04
0.0258 ± 1.63e-04

χ2 /d.o.f
11.40
11.39

Figure 13: Comparison between results after subtracting a fit of the background from the
NMR data (red) and subtracting the measured baseline (black).
As expected, the signal to noise ratio in the fitted baseline subtraction data is lower. This
leads to a larger uncertainty in the fit and the area of the fit, shown in Table 1. However,
the values for the areas are almost the same for the fits and the data. This means that the
areas can be comparable, but this most likely depends on the quality of the baseline. In this
example, the baseline drifted significantly before the NMR signal was recorded. This large
drift is what causes the right-wing of the measured baseline subtraction to curve.

Figure 14: Histogram and a Gaussian fit for the histogram of the measured baseline subtracted from the NMR data from Fig. 13 between 212.7 and 212.8 MHz. This data represents
the spread in the Re(Z) for the background.
The uncertainty in the area of the data was estimated by fitting a Gaussian curve to a
histogram of the data points that made up a flat part of the background, see Fig.14. The
standard deviation of this Gaussian, σRe , was used to calculate the uncertainty in the Re(Z)
through:
√
σRe = σRe / N
(24)
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where σRe is the standard deviation of the mean for the Re(Z) and N is the number of points
within the integration region [17]. The uncertainty in the area encased by the data points is
then simply σRe multiplied by the span of the integration region. The area of the fit has an
added uncertainty of the area of the difference of the fit and the data, see Fig. 15. This is
how the uncertainties in all of the area approximations were calculated, including in future
sections.

Figure 15: Difference in the Data and Fit for the Measured Baseline Subtraction in Fig. 13.
The integral of this data over this region represents the added uncertainty in the area of the
fit of the NMR signal.

5.1.3

Enhanced Polarization Calculations

To calculate the enhanced polarization, the thermal equilibrium signal is required to obtain
the calibration constant K in Eq. (13). This just consists of calculating the area under the
thermal equilibrium signal and the polarization via Eq. (7), then solving for K. Once the
calibration constant is obtained, the enhanced polarization is then calculated as in Eq (13),
except the integral is over the enhanced polarization signal.
The thermal equilibrium signal was extracted as follows from Section 5.1.2, seen in Fig. 11.
The area of this fit was calculated using scipy’s integrate function, with a result of 6.26e-03
± 6.11e-04, as seen in Table 2. The 9.7% uncertainty stems from the large signal to noise
ratio. Data-sets with a measured baseline along with a thermal equilibrium signal can reach
uncertainties less than 4%. The thermal equilibrium polarization was then calculated for this
data using Eq. 7. For this measurement, the magnetic field was at 5 T and the temperature
was around 4.22 K. There was some uncertainty in the temperature of roughly ± 0.2 K due
to complications in thermometry at the time of measurement. Using these values I calculated
the calibration constant to be K = 0.193 ± 0.0198.
Before the polarization estimates were calculated, the enhanced polarization signals were
extracted via both methods, with the effective baseline being subtracted in both methods to
reduce noise. Both results are shown in Fig. 16. Here, we see that the inverted signal appears
offset from the traditional in frequency and that the inverted signal has a flatter background
than the traditional signal. This offset appearance originates from the fact that the enhanced
polarization signal lies to the left of the background LC resonance peak, see Fig. 3. This
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inherently amplifies the parts of the signal closer to the top of the resonance peak more than
those further away, which means the right side of the traditional signal will be larger than
it should be and the left side will be smaller. This behavior is verified when compared to
the inverted signal which removes this asymmetric amplification by converting the off-tune
signal to one perfectly in-tune. Additionally, the effective baseline was inverted through the
same inversion circle as the enhanced polarization data before being subtracted from the
inverted enhanced signal data. In the traditional method, the noise at each frequency is
amplified differently in both methods since the background LC resonances are shifted. By
inverting both the effective baseline and enhanced signal data through the same inversion
circle, the noise in both measurements are scaled to the same values. This results in a larger
signal to noise ratio in the inverted signal than the traditional signal. The areas calculated
from the data points and fits, as well as the χ2 values for the fits are given in Table 2.

Figure 16: Enhanced polarization signal of Butanol at 4.2 K in a 5 T magnetic field extracted
from the traditional and inversion method. The right side of the traditional signal (black)
was overamplified since it was closer to the top of the resonance peak than the left side,
which was underamplified. The inversion method fixes this amplification issue.

Table 2: Area of TE and Enhanced Signal by Method for Data and Fits, 03/2019
Method
Thermal Eq.
Enhanced Inverted
Enhanced Traditional

Data [Arb.]
5.10e-03 ± 6.11e-04
0.0289 ± 6.54e-05
0.0258 ± 1.44e-04

Fit [Arb.]
6.26e-03 ± 6.11e-04
0.0289 ± 7.35e-05
0.0258 ± 1.63e-04

χ2 /d.o.f
1796
0.599
11.39

With the fit areas, the enhanced polarization estimates were calculated for both methods using the calibration constant found from the thermal equilibrium polarization. These
estimates are displayed in Table 3. The uncertainties in these estimates mainly propagate
from the thermal equilibrium area uncertainty. However, the important distinction between
these is that the inversion method adds less uncertainty from its fitted area used to calculate
the polarization. The traditional method polarization has a 15.1% uncertainty while the
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inversion method has a 14.44% uncertainty. This means that the inversion method reduces
some uncertainty in the polarization solely from improving the quality of the enhanced polarization signal fit. If a real baseline was applicable to this data, then the uncertainties in
these estimations would be lower since the thermal equilibrium signal to noise ratio would
increase.
Table 3: Enhanced Polarization of Butanol

Enhanced Polarization

5.2

Traditional
0.595 ± 0.0899 %

Inversion
0.689 ± 0.0995 %

December 2019

This most recent cooldown provided data in which the baseline drift was minimal for a 2.5 T
thermal equilibrium polarization signal of Epoxy at 4.2 K. This minimal baseline drift is
when the traditional method will be most accurate, that is because both the NMR signal
occurs at the top of a resonance peak and the baseline lies close to the background LC
resonance of the NMR signal. However, after some analysis, there seemed to be something
wrong with the baseline of this dataset. The baseline induced a lot more noise into the
NMR signal after subtracting it than the signal had previously. Therefore, a background
fit was subtracted to get the traditional method signal instead of subtracting the baseline.
Furthermore, the data was also inverted and a background fit was then subtracted from the
inverted data. A comparison of the two data sets and Lorentzian fits for both are shown in
Fig. 17.

Figure 17: Thermal equilibrium polarization of Epoxy at 4.2 K in a 2.5 T magnetic field
extracted using the traditional and inversion method. This is the best case scenario for the
traditional method since the baseline drift was minimal. The results of the two methods are
closely comparable.
From 4, we see that the areas of the signals extracted from the two methods are within
1% of each other. In Fig. 17, the fits for the thermal equilibrium signals are quite similar
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Table 4: Thermal Equilibrium Area by Method for Data and Fits, 12/2019
Method
Thermal Eq. Inv.
Thermal Eq. Trad.

Data [Arb.]
7.16e-03 ± 5.15e-04
7.51e-03 ± 4.72e-04

Fit [Arb.]
8.65e-03 ± 5.15e-04
8.46e-03 ± 4.72e-04

χ2 /d.o.f
11369
9897

in size and shape. The one slight difference between them is that the over-amplification
and under-amplification on the traditional signal is still present. This is coherent with the
current hypothesis for this asymmetry mentioned previously since its position was slight to
the left of the resonance peak, ∼0.005 MHz away.

5.3

November 2018

During the cooldown of November of 2018, the NPG obtained its first polarization measurement. This measurement was the polarization of TEMPO-doped Araldite, and this analysis
was specifically done for the enhanced proton polarization measurement. This dataset was
partially analyzed in Section 4.2.2, but only for the inversion method.
There was no measured baseline for this dataset. Instead, a Lorentzian curve was fit to
the background LC resonance of this data for both the best and good tunes. Background
fits for both data sets were fit separately and respectively subtracted from the data. Then, a
third-order polynomial was fit to the remaining background and subtracted individually for
both datasets. These results, along with the results from inverting the original data through
the inversion circle and background subtraction in Fig 10 is shown in Fig. 18. This truly
demonstrates the amplification effects of straying off tune.

Figure 18: Best and good tune signals produced by the traditional method (left). Generally
compared to the signals produced by the inversion method (right), the inverted signals are
more symmetric and comparable in size and shape.

19

6

Conclusion

The NPG group at UNH needs to obtain a high proton polarization before they can experiment with tensor polarization. To get this, they need accurate measurements of polarization
levels currently achievable. However, there is currently an issue with temperature sensitivity that induces significant uncertainties to measurements. The work done in this thesis
was tasked with providing more accurate results from already collected data through a new
method of data analysis which dampens the negative effects from this temperature sensitivity.
The traditional method of data analysis simply extracts the NMR signal through a background subtraction. When the signals stray off tune and lower in size, this method has no
way of recovering the lost area. However, a new method using Pappus Chains and inversion
geometry allows for the conversion of off-tune signals to ones perfectly in-tune.
In March of 2019, the NPG polarized Butanol through thermal equilibrium polarization
and DNP at 4.2 K, in a 5 T magnetic field. First, an analysis was done on how comparable
two enhanced polarization signals were when extracted through the traditional method using
a baseline that was measured during the experiment and one that was fit to the background
of the NMR data during analysis. The areas of the two signals were within 1% of each
other, while their uncertainties differed by roughly a factor of 3 due to a decreased signal to
noise ratio in the fitted background subtraction signal. This result, however, might strongly
depend on the size of the NMR signal. Further tests are needed to determine how often the
results agree, but this analysis acts as a starting point.
With this dataset, I was able to generally compare the signals from both the traditional
and inversion method. The signal extracted from the traditional method did not have a
flat background due to complications in the effective baseline subtraction and polynomial
fit from the baseline drift during the experiment. Additionally, the traditional signal was
asymmetric due to uneven amplification from the background LC resonance. The inversion
method solved both of these issues since the inversion method converts the off-tune signal
to a perfectly-tuned signal. Additionally, the signal to noise ratio of the inverted signal was
greater because the noise in the raw NMR data was not amplified the same as it was in the
baseline due to the drift, but after inversion, that difference is lowered. This led to a 54%
reduction in uncertainty in the inversion signal area and a reduction in the χ2 of the fit from
an 11.39 to a 0.599.
Not only did the inversion method improve the general characteristics of the signal, but it
also improved the uncertainty in the estimation of the polarization of the Butanol. The traditional method estimates that the polarization was 0.595 ± 0.0899 %, which coincides with
a previous estimate of 0.6% made during the experiment. However, the inversion method
estimates that the polarization was 0.689 ± 0.0995 %. The fact that the inversion method
estimates a larger polarization makes sense since some of the area, and thus polarization,
of the traditional signal was lost due to the drifting baseline. Additionally, the fractional
uncertainty in the polarization from the inversion method was 14.4% while the traditional
method’s was 15.1%. A large part of this uncertainty is from the propagation of the uncertainty in the area of the thermal equilibrium signal.
In December of 2019, Epoxy was polarized at 4.2 K in a 2.5 T magnetic field through
thermal equilibrium polarization. The baseline drift was minimal for this dataset, so this
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set provides an example of the convergence of the results from both methods as the drift
approaches zero. After analysis, the area of the results from each method were within 1% of
each other, compared to an 11% difference in the March 2019 dataset with a larger baseline
drift. The uncertainty and χ2 of the result from the inversion method were larger, and the
cause of this requires further investigation. However, while it might be hard to see, the
asymmetry in the fit for the traditional signal was still apparent in this set and the inversion
method did fix this issue.
Finally, data from November of 2018 of the polarization of TEMPO-doped Araldite at
4.2 K in a 5 T magnetic field compared the results from both methods in a more extreme
case. Here, the NMR signals were much larger than those in the previous datasets. Since the
signals were larger, the amplification effects from being off-tune were more apparent, as seen
in Fig. 18. The inversion method fixed these amplification and other issues, resulting in two
very similar signals in both size and shape. This symmetry and size similarity are expected
from theory and the fact that we are measuring the same signal, just at two different tunes.
The inversion method has allowed for the extraction of signals that are more comparable
to signals that would be perfectly in tune and easier to fit. However, more work is needed
to be done before we can completely estimate the uncertainty in the inversion method. One
current issue under investigation is the circular Pappus Chain does not completely describe
the decreasing size of NMR signals. This means that signals with moderate to bad tunes
can not currently be converted to perfectly tunes signals. For further discussion, see the
Appendix. However, this method still provides a more accurate and symmetric NMR signal
than the traditional method for tunes close to the Larmor frequency.

7

Appendix

To generalize inversion through ellipses, to which circles are just a special case, the equations
are modified for the major and minor axes:
a2 b2 (x − x0 )
,
b2 (x − x0 )2 + a2 (y − y0 )2
a2 b2 (y − y0 )
y 0 = y0 + 2
,
b (x − x0 )2 + a2 (y − y0 )2

x0 = x0 +

(25)
(26)

where (x0 ,y 0 ) is the inverted point, (x,y) is the original point, a and b are the axes of the
ellipse that correspond to the x and y direction, and (x0 ,y0 ) is the center of the ellipse [18].
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Figure 19: Circle and Ellipse inverted through an ellipse. Similarly with circle inversion, a
shape that passes through the center of the inversion ellipse becomes a straight line.
This is potentially useful for future work since it is thought that a circular β does not
accurately describe the loss of size in the NMR signals as the tune gets very bad. This is
shown in Fig. 20, where the elliptical β is tangent to all 3 signals while the circular β is not.
This means that the Pappus Chain needs to be inverted through this elliptical β to produce
three signals that all correspond to the perfect signal. However, this is complicated since
the NMR signals are elliptical and they rotate as they move to lower quality tunes since
the ellipses always point to the center of β. Therefore, the signals do not make up a simple
elliptical Pappus Chain shown in [18]. This issue is pertinent for large NMR signals, which
have not been measured in the last 2 cooldowns. However, as the group optimizes its system
to achieve higher polarizations, this issue will need to be addressed.

Figure 20: Differences in an elliptical β (orange) and a circular β (black). Here we see that
the circular beta does not accurately describe the size of the NMR signals as the tune gets
worse. However, the elliptical beta is tangent to all 3 signals of varying tunes.
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